
3.1 Rational Function Properties and Graphs   MATH 161  THOMPSON 
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5)  
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7) 

 

 

 

8) 

    Cannot have zero in denominator 

    set equal to zero   x +12 ≠ 0 

 

 

 

9)               

   Cannot have zero in denominator 

    set equal to zero   x - 5 ≠ 0 and x + 3 ≠ 0 

 

 

 



10)       Factor denominator 

  

 slide and divide x2 - 41x - 42     factors of 42 that subtract to give you 41 

     (x-42)(x+1) then divide by 6 and reduce 

          6        6    

     x ≠ 7, - 
𝟏

𝟔
 

 

11) 

 

    You cannot factor denominator with a plus sign 

 

 

 

 

 

12)        

Factor denominator 

Difference of two squares 

  (x+10)(x-10    

  x ≠ - 10, 10 

 

 

 

 

 



GRAPH OF RECIPROCAL FUNCTION 

 f(x) = 
𝟏

𝒙
       f(x) = 

𝟏

𝒙𝟐 

 Asymptotes are      Asymptotes are 

 x = 0 and y = 0      x = 0 and y = 0 

 Domain: {x|x≠0}  Range: {y|y≠0}      Domain: {x|x≠0} Range: {y|y>0} 

    

  

  

 

 

 

 

 

13) 

 

 

  a) D: x ≠ 3   *red vertical line 

                        R: y ≠ 2    *red horizontal line 

 

  b) x = 0        *graph crosses x-axis 

                         y = 0       *graph crosses y-axis 

 

  c) y = 2        *equation of the red horizontal line 

  d) x = 3       *equation of the red vertical line 

  e) No oblique asymptote 

 



14) 

 

 

 

  a) D: x≠ 0      *red vertical line 

                        R: all real numbers *NO horizontal line 

 

  b) x = -3,3    *graph crosses x-axis 

                        no y intercepts *graph crosses y-axis 

 

  c) no horizontal asymptotes  *NO horizontal line 

  d) x = 0      *equation of the red vertical line 

  e) Oblique asymptote    *equation of the diagonal line  

                         y = -3x     (use slope (
−𝟔

𝟐
) and y-intercept = 0) 

15) 

 

 

 

a) D: x≠ -3,3     *two red vertical lines 

    R: y < -2, y  -1  *the area excluding -1 to -2 
                                                                                           NOTE* x intercepts may be -1.4, 1-4 

b) x = -2, 2   *graph crosses x-axis    if they look between 1 and 2 

     y = -1  *graph crosses y-axis 

 

c) y = -2  *equation of the red horizontal line       

d) x = -3,3    *equation of the red vertical lines       

e) no oblique asymptote 

 

 



 

*GENERAL RULES ON DOMAIN AND RANGE 

          

                2 

    Up 8 units, the range changes     left 8 units, domain changes 

          

 

 

 

     Domain: x≠ 0          Domain: x≠ 0           Domain x≠ 0      Domain: x≠ -8      

     Range: y≠ 0          Range: y≠ 8       Range: y> 0  Range: y> 0 

   Flips across the x-axis and shifts right 2 

   Domain: x≠ 2         Vertical Asymptote x=2 

   Range: y≠ 0       Horizontal Asymptote y=0 

        No Oblique Asymptote 

 

 

Asymptote Properties  

      Vertical asymptote: set denominator =0  

      *Or look at the horizontal shift 

     Horizontal asymptote:  y = 0 if 
𝟏

𝒙
  (higher x is on bottom) 

                 None if 
𝒙

𝟏
   (higher x is on top) 

             Coefficient if 
𝟑𝒙

𝟒𝒙
   y = 

𝟑

𝟒
     (x exponents equal) 

           *Or look at the vertical shift 

 



16)  

 

 

         -4 in front is down 

         *red vertical line  

         *red horizontal line  

        * equation of the red vertical line 

         *equation of the red vertical line 
 

 

17)  

 

         2 in front is up 

         *red vertical line  

         *red horizontal line  

        * equation of the red vertical line   

        *equation of the red vertical line 
 

18)  

 

 

 

                   Notice the graph is above the x-axis 



FINDING SYMMETRY ALGEBRAICALLY 

19) 

 

         -1 in front is down, left 2 

 

  Use the shifts and look at the  

  pink asymptotes 

 

         Graph is above -1 

 

 

    Horizontal asymptote:  

 y = 0 if 
𝟏

𝒙
  (higher x is on bottom) 

     None if 
𝒙

𝟏
   (higher x is on top)  

          Coefficient if 
𝟑𝒙

𝟒𝒙
   y = 

𝟑

𝟒
     (x exponents equal) 

 

 

 

 

 

 

 

 

 

only top sign changes 

ORIGIN SYMMETRY 

Signs stay the same 

Y-AXIS SYMMETRY 



20)    

    𝒇(−𝒙) =
−𝟐𝒙

−𝒙−𝟒
 

             

 Neither y-axis symmetry nor origin symmetry    

    The y-intercept is 0     *set x = 0    𝟎

−𝟒
= 𝟎    

    The x-intercept is 0    *solve the numerator 2x=0, x=0 

 

*solve the denominator 

 

    Coefficient if 
𝟐𝒙

𝒙
   y = 2     (x exponents equal) 

 

 

 We are making an x|y table. Plug in x values to find the y values 

 

 

 

 

*look at asymptotes first then the  

points from the table if needed to choose the graph 

 

 

 

only top sign changes for ORIGIN SYMMETRY 

signs stay the same Y-AXIS SYMMETRY 

 



 

21)  

           𝒇(−𝒙) =
−𝟒𝒙

𝒙𝟐−𝟏𝟔
 only top sign changes    origin symmetry  

               The y-intercept is 0    *set x = 0 

(x-4)(x+4)  The x-intercept is 0 *solve the numerator 

  Vertical Asymptote x = - 4, x = 4   *solve the denominator 

Horizontal Asymptote y = 0    y = 0 if  
𝟏

𝒙
  (higher x is on bottom) 

 

 

 

 

     Use symmetry of origin 

 

22)  

 𝒇(−𝒙) =
𝟓𝒙𝟐

𝒙𝟐−𝟒
   signs stay the same    y-axis symmetry 

               The y-intercept is 0    *set x = 0 

(x-2)(x+2)  The x-intercept is 0 *solve the numerator 

  Vertical Asymptote x = - 2, x = 2  *solve the denominator 

Horizontal Asymptote y = 5    Coefficient if 
𝟓𝒙𝟐

𝒙𝟐    y = 5     (x exponents equal) 

 

 

 

 

 

     Use symmetry of y-axis 

only top sign changes for ORIGIN SYMMETRY 

signs stay the same Y-AXIS SYMMETRY 

 



23)  

𝒇(−𝒙) =
𝒙

−𝒙+𝟕
         top and bottom signs change  

    Neither y-axis symmetry nor origin symmetry 

       

The y-intercept is 0    *set x = 0 

 The x-intercept is 0 *solve the numerator 

   Vertical Asymptote x = - 7    *solve the denominator 

Horizontal Asymptote y = -1    Coefficient if 
−𝒙

𝒙
   y = -1     (x exponents equal) 

 

 

 

 

 

*look at asymptotes first then the  

   points to choose the graph 

 

24)  

            𝒇(−𝒙) =
𝟒

𝒙𝟐−𝟐𝒙−𝟑
     top sign doesn’t change  

         Neither y-axis symmetry nor origin symmetry 

         (x-1)(x+3)                The y-intercept is −
4

3
    *set x = 0 

 The x-intercept is none *there is no x in the numerator 

  Vertical Asymptote x = 1, x = -3    *factor the denominator 

Horizontal Asymptote y = 0    y = 0 if  
𝟏

𝒙
  (higher x is on bottom) 

 

 

 

     Use symmetry of y-axis 



25)  

            𝒇(−𝒙) =
𝟒𝒙𝟐

𝒙𝟐+𝟗
 signs stay the same   y-axis symmetry  

              

        The y-intercept is 0    *set x = 0 

 The x-intercept is 0  *solve the numerator 

  Vertical Asymptote none *can’t factor the denominator 

Horizontal Asymptote y = 4    Coefficient if 
𝟒𝒙𝟐

𝒙𝟐
   y = 4     (x exponents equal) 

 

 

 

 

    Use symmetry of y-axis 

 

26)  

     𝒇(−𝒙) =
−𝒙+𝟐

𝒙𝟐−𝟐𝒙−𝟖
   only one sign changes on top/not both 

        Neither y-axis symmetry nor origin symmetry    

        (x-2)(x+4)                The y-intercept is −
1

4
    *set x = 0 

 The x-intercept is -2  *solve the numerator 

  Vertical Asymptote x = -4, x = 2    *factor the denominator 

Horizontal Asymptote y = 0    y = 0 if  
𝟏

𝒙
  (higher x is on bottom) 

 

 

 

 

   *look at asymptotes first then the  

          points to choose the graph 



27)  

     𝒇(−𝒙) =
−𝒙−𝟕

𝒙𝟐−𝟒𝟗
  only one sign changes on top/not both 

       Neither y-axis symmetry nor origin symmetry    

       The y-intercept is 
1

7
    *set x = 0    

𝟎−𝟕

𝟎−𝟒𝟗
=

𝟏

𝟕
   

 The x-intercept is 7 *solve the numerator   

To find vertical asymptote:  𝒇𝒂𝒄𝒕𝒐𝒓𝒆𝒅 =
𝒙−𝟕

(𝒙−𝟕)(𝒙+𝟕)
=

𝟏

𝒙+𝟕
 

The bottom is vertical asymptote and the crossed-out term is a hole in the graph 

  Vertical Asymptote x = -7    hole at x= 7 

Horizontal Asymptote y = 0    y = 0 if  
𝟏

𝒙
  (higher x is on bottom) 

 

 

 

 

 

  *look at asymptotes first then the  

        points to choose the graph 

 

 

 


